
INTERNATIONAL JOURNAL OF GEOMAGNETISM AND AERONOMY
VOL. 7, GI1005, doi:10.1029/2005GI000123, 2007

Efficiency of the Earth–ionosphere waveguide excitation
by ELF sources located in an anisotropic ionosphere

S. T. Rybachek1 and M. Ju. Ponomariev1

Received 5 April 2005; revised 4 July 2006; accepted 24 October 2006; published 31 March 2007.

[1] This paper is devoted to the problem of excitation of the Earth–ionosphere waveguide
by the sources located in an anisotropic ionosphere. The ELF range where a single-mode
representation of the field can be applied is considered. The generalized theorem of
reciprocity makes it possible to find the relation between the field components excited in
the waveguide by electric and magnetic dipoles of various orientation. At the location of the
emitters in the field of applicability of the quasi-longitudinal approximation, this relation
is described by simple analytical expressions. Some results of calculations characterizing
the efficiency of waveguide excitation by horizontal and radial dipoles and applicability
of approximate formulae are presented. The dependencies of the efficiency parameters
on the frequency, latitude, height of the emitter location, and propagation conditions are
analyzed. INDEX TERMS: 6964 Radio Science: Radio wave propagation; 2403 Ionosphere: Active experiments;

2471 Ionosphere: Plasma waves and instabilities; KEYWORDS: Earth–ionosphere waveguide; ELF radiation;

lower ionosphere.
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1. Introduction

[2] The properties of electromagnetic fields excited in the
terrestrial waveguide by low-frequency elementary emitters
located in the ionosphere were studied in a series of papers.
Various models of the geomagnetic field and terrestrial reg-
ular waveguide with the properties depending only on the
coordinate orthogonal to the boundaries [see, e.g., Einaudi
and Wait, 1971a, 1971b; Galejs, 1971a; Pappert, 1973; Ry-
bachek, 1985, 1995] and irregular waveguide with the prop-
erties changing additionally in the longitudinal (tangential)
to the boundaries direction [Galejs, 1971b; Rybachek et al.,
1997a, 1997b] were used.

[3] In our papers we used the model of a spherical aniso-
tropic waveguide with an arbitrary orientation of the ge-
omagnetic field vector H0. Point electric and magnetic
dipoles of arbitrary orientation were considered as the field
sources. The cold plasma approximation was used to de-
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scribe the ionospheric properties. Nonlinear effects were not
taken into account.

[4] The solution of the problem of the terrestrial waveg-
uide excitation by ionospheric emitters is found using the
generalized theorems of reciprocity for magnetoactive media
[Ginzburg, 1970] and is reduced to determination of iono-
spheric fields created by the dipoles located in the cavity
of the waveguide. The latter problem, in its turn, leads to
a series of waveguide problems (the source and observation
point are located in the waveguide cavity) and to the prob-
lem of integration of the Maxwell’s equations for anisotropic
media. The solution of waveguide problems is obtained by
the normal waves method for a regular waveguide [Kras-
nushkin, 1962] and by the cross sections method for an ir-
regular waveguide [Katsenelenbaum, 1961]. The problem of
determination of the fields in the anisotropic ionosphere us-
ing the asymptotic separation of variables in the Maxwell’s
equations is reduced to an integration of the system of differ-
ential equations, coinciding in the form with the system de-
scribing propagation of plane waves through plane-stratified
media [Budden, 1961].

[5] This paper is dedicated to studies of the efficiency of
excitation of the Earth–ionosphere waveguide by horizon-
tal and vertical electric and magnetic ionospheric dipoles in
the ELF (extremely low frequencies) range where the single-
mode representation of the field is mainly applicable.
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2. Formulation and Construction of the
Solution

[6] The Earth–ionosphere waveguide is modeled by a spher-
ical cavity characterized by the properties of the free space.
In the geocentric spherical coordinate system r, θ, ϕ, the axis
θ = 0 goes through the emitter located in the ionosphere
in point 1 with coordinates r = b and θ = 0. The ground
(r ≤ a) and the ionosphere (r ≥ d) are considered as inhomo-
geneous media depending on r and θ. Point electric and mag-
netic dipoles oriented along the unit vectors eξ (ξ = r, θ, ϕ)
and oscillating according to exp(−iωt) are used as the field
sources (ω is the angular frequency). The IS system of units
is used. Our aim is to find the electric E and magnetic
H fields in a point 2 with coordinates r, θ located in the
waveguide cavity.

[7] The generalized reciprocity theorem for magnetoactive
medium makes it possible to find components of the fields
excited in the waveguide cavity by ionospheric dipoles using
components of the fields excited in the ionosphere by the
dipoles located in the waveguide cavity:

Eieζ
ξ (1, 2, H0) = Eeξ

ζ (2, 1, −H0)

Hieζ
ξ (1, 2, H0) = −gEmξ

ζ (2, 1, −H0)

gEimζ
ξ (1, 2, H0) = −Heξ

ζ (2, 1, −H0)

Himζ
ξ (1, 2, H0) = Hmξ

ζ (2, 1, −H0) (1)

Here Hp ≡ z0Hp, p = ξ, ζ, where z0 = 120π [Ohm] is the
characteristic impedance of free space. The indices e and
m at the field components refer to the electric and mag-
netic dipoles, respectively. For example, Eieζ

ξ (1, 2, H0) and

Hieζ
ξ (1, 2, H0) are the ξ components of the fields excited in

the waveguide cavity in point 2 by the electric dipole with
the dipole moment Piζ

e located in the ionosphere in point 1
and oriented along the unit vector eζ ; Eeξ

ζ (2, 1, −H0) and

Heξ
ζ (2, 1, −H0) are the ζ components of the electric and

magnetic fields, respectively, excited in point 1 in the iono-
sphere at the geomagnetic field −H0 by an auxiliary elec-
trical dipole with the moment Pξ

e located in point 2 and
oriented along the unit vector eξ (ξ, ζ= r, θ, ϕ). In expres-
sions (1) it is assumed that

P iξ
e = P ξ

e ≡ Pe

P iξ
m = P ξ

m ≡ Pm

g ≡ z0PeP
−1
m (2)

3. Relations of Field Components Excited
in the Ionosphere by Dipoles Located in
the Waveguide

[8] The solutions of waveguide problems for the anisotro-
pic, irregular along the θ coordinate waveguide can be car-
ried out approximating the irregular part by a finite number

of regular parts [Rybachek et al., 1997a]. The waveguide
problem for the regular part [Rybachek, 1995] is reduced to
a solution of the Maxwell’s equations in the waveguide cavity
for electric dipoles

rot E = ikH

rotH = −ik(E + pe/ε0) (3)

or for magnetic dipoles

rot E = ik(H + z0pm/µ0)

rot H = −ikE (4)

In (3) and (4), k is the wave number of the free space and pe

and pm are the volume densities of the dipole moments of the
electric and magnetic dipoles, respectively. The boundary
conditions at both boundaries of the waveguide have the
following form:(

Eθ

Eϕ

)
= δ̂

(
Hθ

Hϕ

)
r = a

(5)(
Hθ

Hϕ

)
= â

(
Eθ

Eϕ

)
r = d

Besides, the conditions of finiteness of the fields E and H
under θ = 0, π should be fulfilled. In expressions (5), â is

a matrix of the ionospheric admittance. The matrix δ̂ have
the following form:

δ̂ =

(
0 −δ
δ 0

)
(6)

where δ is the relative surface impedance of the ground which
is taken the same for both polarizations.

[9] According to the principle of polarization duality, the
general solution of the Maxwell’s equations is given by a su-
perposition of two fundamental solutions. The transverse
magnetic and transverse electric fields are described by the
electric Πe = Πeer and magnetic Πm = Πmer Hertz vec-
tors, respectively, directed along the separation coordinate
r. In the waveguide cavity outside the sources the electric
and magnetic field vectors can be derived as

He = −ik rot Πe

Ee = rot rot Πe

Em = ik rot Πm

Hm = rot rot Πm (7)

The solution of the problem is obtained by the normal waves
method. The dependence of the potentials on the coordi-
nates r and θ with allowance for asymptotic presentations
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of the Legendre functions Pν(− cos θ) applicable at |ν|θ � 1,
|ν|(π − θ) � 1 [Erdelyi, 1953] for each normal wave is de-
scribed by the following functions [Makarov et al., 1994; Ry-
bachek et al., 1997a]:

Πe ∼ R(e)
ν (kr) exp(iνθ)

(8)

Πm ∼ R(m)
ν (kr) exp(iνθ)

Here ν is the eigenvalue and R
(e)
ν (kr) and R

(m)
ν (kr) are the

eigenfunctions of the radial operator of the problem satisfy-
ing the differential equations

d2

dr2

(
R

(e)
ν (kr)

R
(m)
ν (kr)

)
=

ν(ν + 1)

r2

(
R

(e)
ν (kr)

R
(m)
ν (kr)

)
and the boundary conditions at the surface of the ground at
r = a following from (5) and (6)

R(e)′
ν (kr) = −iδR(e)

ν (kr)

(9)

R(m)′
ν (kr) = − i

δ
R(m)

ν (kr)

where the prime denotes a derivative with respect to the ar-
gument and the impedance δ is taken independent on the
spectral parameter. The boundary conditions at the upper
ionospheric boundary determined by the elements of the ad-
mittance â(ν) make it possible to obtain the characteristic
equation for the eigenvalues.

[10] According to (7), one can present the tangential com-
ponents of the fields in the waveguide cavity outside the
sources in the single-mode approximation, omitting the e
and m indices at field components, in the following way:(

Eθ

Hθ

)
=

1

r

∂2

∂r∂θ

(
Πe

Πm

)
(10)(

Eϕ

Hϕ

)
=

ik

r

∂

∂θ

(
−Πm

Πe

)
The radial components can be expressed via potentials using
(7) and the differential equations determining the transverse
(radial) and longitudinal operators of the problem:(

Er

Hr

)
=

ν(ν + 1)

r2

(
Πe

Πm

)
(11)

Using expressions (8), (10), and (11) and taking |ν| � 1,
we find the ratios of the field components in the waveguide
cavity

Eθ

Er
=

ikrR
(e)′
ν (kr)

νR
(e)
ν (kr)

Hr

Hθ
=

νR
(m)
ν (kr)

ikrR
(m)′
ν (kr)

Eθ

Hϕ
=

R
(e)′
ν (kr)

iR
(e)
ν (kr)

Eϕ

Hθ
= − iR

(m)
ν (kr)

R
(m)′
ν (kr)

(12)

If the point of observation is located on the surface of the
ground, then, because of the boundary conditions (9), the
ratios (12) take the following form:

Eθ

Er
=

kaδ

ν

Hr

Hθ
=

νδ

ka

Eθ

Hϕ
= −δ

Eϕ

Hθ
= δ (13)

Ratios (12) and (13) are valid for any height of the emitter
located in the waveguide cavity.

[11] The relations between the components of the fields
excited in the ionosphere in point 2 with coordinates (r, θ)
by various emitters located in the waveguide cavity in point
1 with coordinates (b, 0) (b ≤ d) can be obtained using ex-
pressions (1):
for the electric dipoles (oriented along the unit vector eθ and
radial):

Eeθ
ζ (1, 2, H0)

Eer
ζ (1, 2, H0)

=
Eieζ

θ (2, 1, −H0)

Eieζ
r (2, 1, −H0)

(14)

Heθ
ζ (1, 2, H0)

Her
ζ (1, 2, H0)

=
Eimζ

θ (2, 1, −H0)

Eimζ
r (2, 1, −H0)

for the magnetic dipoles (oriented along the unit vector eθ

and radial):

Emr
ζ (1, 2, H0)

Emθ
ζ (1, 2, H0)

=
Hieζ

r (2, 1, −H0)

Hieζ
θ (2, 1, −H0)

(15)

Hmr
ζ (1, 2, H0)

Hmθ
ζ (1, 2, H0)

=
Himζ

r (2, 1, −H0)

Himζ
θ (2, 1, −H0)

for the horizontal dipoles (electric oriented along the unit
vector eθ and magnetic oriented along the unit vector eϕ):

Eeθ
ζ (1, 2, H0)

Emϕ
ζ (1, 2, H0)

= −
gEieζ

θ (2, 1, −H0)

Hieζ
ϕ (2, 1, −H0)

(16)

Heθ
ζ (1, 2, H0)

Hmϕ
ζ (1, 2, H0)

= −
gEimζ

θ (2, 1, −H0)

Himζ
ϕ (2, 1, −H0)
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for the horizontal dipoles (magnetic oriented along the unit
vector eθ and electric oriented along the unit vector eϕ):

Emθ
ζ (1, 2, H0)

Eeϕ
ζ (1, 2, H0)

= −
Hieζ

θ (2, 1, −H0)

gEieζ
ϕ (2, 1, −H0)

(17)

Hmθ
ζ (1, 2, H0)

Heϕ
ζ (1, 2, H0)

= −
Himζ

θ (2, 1, −H0)

gEimζ
ϕ (2, 1, −H0)

Here Eqξ
ζ (1, 2, H0) and Hqξ

ζ (1, 2, H0) are the ζ components
of the electric and magnetic fields, respectively, excited in
the ionosphere at point 2 under the given geomagnetic field
H0 by electric (q = e) or magnetic (q = m) dipoles ori-
ented along the unit vector eξ and located in the waveguide
cavity at point 1; Eiqζ

ξ (2, 1, −H0) and Hiqζ
ξ (2, 1, −H0) are

the ξ components of the fields excited at point 1 under the
geomagnetic field −H0 by the electric or magnetic dipoles
directed along eζ and located in the ionosphere at point 2 (ξ
and ζ take the values r, θ, and ϕ). Using expressions (12),
we rewrite the ratios of the ionospheric field components
(14)–(17) in the following form:

Beθ =
ikbR

(e)′
ν (kb)

νR
(e)
ν (kb)

Ber

Bmr =
νR

(m)
ν (kb)

ikbR
(m)′
ν (kb)

Bmθ

(18)

Beθ = ig
R

(e)′
ν (kb)

R
(e)
ν (kb)

Bmϕ

Bmθ = − iR
(m)′
ν (kb)

gR
(m)
ν (kb)

Beϕ

where Bqξ (q = e, m; ξ = r, θ, ϕ) are six-element column
matrices of electric and magnetic field components.

[12] If the emitter is located on the surface of the ground
(b = a), it follows from expressions (9) and (18) that

Beθ = gδBmϕ

Beϕ = −gδBmθ

Beθ =
kaδ

ν
Ber

Bmr =
νδ

ka
Bmθ (19)

It is worth noting that in the case of a waveguide irregular
on θ, the value δ in expressions (19) should be considered as
the relative surface impedance of the ground in the regular
part of the waveguide where the transmitter is located.

[13] Now we discuss the relationship between the compo-
nents of the fields excited in the ionosphere by an emitter
of any type located in the waveguide cavity. Methods and
algorithms of field calculation in the waveguide cavity and

in the ionosphere were developed in detail [Rybachek, 1995;
Rybachek et al., 1997a, 1997b], so we do not discuss these
methods. As it has been already mentioned, determination
of the fields in the ionosphere is reduced to an integration of
the system of differential equations for the tangential compo-
nents of the fields coinciding by the form with the equations
describing propagation of plane waves in plane-stratified me-
dia. The difference is that the ionospheric properties and the
complex angle of wave incidence on the ionosphere α(ν, r)
depend on the radial coordinate. The α(ν, r) angle is de-
termined by the relation sin α(ν, r) = ν/(kr). The radial
components of the fields are found from the Maxwell’s equa-
tions for the ionospheric plasma. The asymptotic separation
of variables in these equations leads to the field dependence
on the coordinate θ of the type (8) [see, e.g., Makarov et al.,
1994], so the radial field components of each of normal waves
are described by the following expressions:

Er = − 1

εrr

[
εrθEθ + εrϕEϕ +

ν

kr
Hϕ

]
(20)

Hr = νEϕ/(kr) (21)

Here εξζ (ξ, ζ = r, θ, ϕ) are the elements of the relative
dielectric permittivity tensor of the ionosphere and r is the
radial coordinate of the observation point.

[14] At low altitudes where the ionospheric properties are
close to the properties of the free space, it follows from (20)
that the components of the fields Er and Hϕ are related
by a simple formula krEr ' −νHϕ. In the general case,
the simple relation determined by formula (21) exists only
between the components Hr and Eϕ. Between the other
components, there exists a complicated relation due, in par-
ticular, to a sphericity of the waveguide, inhomogeneity of
the ionosphere, and its anisotropy. However, one can expect
that at large distances from any emitter located near the
ground surface, the fields in the ionosphere would be close
to the fields of plane waves propagating in a magnetoactive
plane-stratified medium. In this case the relation between
the field components are considerably simplified.

[15] Actually, in the region of the ionosphere where the
quasi-longitudinal approximation

|Y 2
T | � 2|YL(U −X)| (22)

is valid the relations between the field components of a plane
wave have the following form [Budden, 1961]:

Eϕ/Eθ = −Hθ/Hϕ = ±i (23)

Er

Eθ
= ± YTX

[(U ± YL)(U −X)]
(24)

Hϕ/Eθ = n n2 = 1−X/(U ± YL) (25)

The designations accepted in the magneto-ionic theory are
used in formulae (22)–(25):

X =
e2N

meε0ω2
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Y =
eµ0H0

meω
(26)

U = 1 + i
νe

ω

In (25) and (26): e, me are the charge and the mass of an
electron, respectively, N is the electron concentration, νe is
the effective collision frequency of electron with neutral par-
ticles and ions, n is the refractive index of the ionosphere,
and YL and YT are the longitudinal and transverse compo-
nents of the Y vector. In the case of a regular waveguide N
and νe depend only on the radial coordinate. For an irreg-
ular waveguide these parameters depend in addition on the
angular coordinate θ. Expressions (23)–(25) are written in
the spherical coordinates with the aim to use them for the
problems being studied.

[16] Relations (24) and (25) complicated enough because
of the complex parameter U , are simplified if besides (22)
the following inequalities are fulfilled:

|U | � |YL| � X (27)

In this case we have

Eθ/Er = −YL/YT (28)

Hϕ/Eθ = n n2 = ∓X/YL (29)

It is worth noting that as it follows from formulae (26) and
(29) for n2, the values of the refractive indices may be either
real or imaginary. Because of this, out of two propagating
upward characteristic waves only one wave with the real n
is of a significantly propagating character.

[17] It follows from expression (28) with an allowance for
(26) that

|Eθ/Er| = |H0L/H0T| (30)

where H0L and H0T are the longitudinal (radial) and trans-
verse components of the geomagnetic field, respectively.

[18] Taking into account the relation which follows from
(21) and (23)

|Eθ| = |Eϕ| = kr|Hr/ν|

and expression (29), we find

|Hθ/Hr| = kr|n/ν| (31)

Here |n| is computed from (26) and (29) as

|n| = c

√
|e|N

ω|H0L|
(32)

where c is the free space velocity of electromagnetic waves.

4. Relations Between the Field
Components Excited in the Waveguide by
Ionospheric Dipoles

[19] The expressions relating the components of the fields
excited in the terrestrial waveguide in point 2 with coordi-
nates (r, θ) by various emitters located in the ionosphere
in point 1 with coordinates (b, 0) can be obtained from the
reciprocity theorems (1):
for the electric dipoles oriented along the unit vector eξ,
ξ = θ, ϕ, and radial:

Eieξ
ζ (1, 2, H0)

Eier
ζ (1, 2, H0)

=
Eeζ

ξ (2, 1, −H0)

Eeζ
r (2, 1, −H0)

(33)

Hieξ
ζ (1, 2, H0)

Hier
ζ (1, 2, H0)

=
Emζ

ξ (2, 1, −H0)

Emζ
r (2, 1, −H0)

for magnetic dipoles oriented along the unit vector eξ, ξ =
θ, ϕ, and radial:

Eimξ
ζ (1, 2, H0)

Eimr
ζ (1, 2, H0)

=
Heζ

ξ (2, 1, −H0)

Heζ
r (2, 1, −H0)

(34)

Himξ
ζ (1, 2, H0)

Himr
ζ (1, 2, H0)

=
Hmζ

ξ (2, 1, −H0)

Hmζ
r (2, 1, −H0)

Here Eiqξ
ζ (1, 2, H0) and Hiqξ

ζ (1, 2, H0) are the ζ compo-
nents of the intensities of the electric and magnetic fields,
respectively, excited in the waveguide at the point 2 un-
der the given geomagnetic field H0 by electric (q = e) or
magnetic (q = m) dipoles oriented along the unit vector eξ

and located in the ionosphere at point 1; Eqζ
ξ (2, 1, −H0),

Hqζ
ξ (2, 1, −H0) are the ξ components of the fields excited

in the ionosphere at the point 1 under the geomagnetic field
−H0 by electric or magnetic dipoles directed along eζ and
located in the waveguide at the point 2. In this case ζ takes
the values r, θ, and ϕ.

[20] It follows from expressions (33) and (34) and relations
(23), (30), and (31) that the formulae relating the compo-
nents of the fields excited in the waveguide cavity by emitters
of different types located in the ionosphere in the region,
where quasi-longitudinal approximation (22) and inequali-
ties (27) are applicable, can be written in matrix form as

Aieθ = Aieϕ Aimθ = Aimϕ (35)

Aieθ = <eA
ier (36)

Aimθ = <mAimr (37)

Here Aiqξ (q = e, m; ξ = r, θ, ϕ) are six-element column
matrices of the modules of the electric and magnetic field
components and <e and <m according to formulae (30) and
(31) are
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Figure 1. Frequency dependence of the efficiency param-
eter for different heights H of the source in the daytime
ionosphere.

<e = |H0L/H0T| (38)

<m = c
kb

|ν|

√
|e|N

ω|H0L|
(39)

Here b = a + H, where H is the height of the emitter above
the surface of the ground. It is seen that (39) may be written
as

<m ' 5.37
kb

|ν|

√
N

f |H0L|

where N and H0L should be given in el cm−3 and oersteds,
respectively.

[21] In the case of an irregular waveguide, the parameters
in formulae (38) and (39) describing the ionospheric proper-
ties correspond to the point at which the emitter is located.

5. Efficiency of the Waveguide Excitation:
Numerical Results and Interpretations

[22] The efficiency parameters of the waveguide excitation
will be defined as

Re = |Eieθ
r /Eier

r | (40)

Rm = |Eimθ
r /Eimr

r | (41)

where Eieθ
r and Eier

r are the radial components of the electric
field excited on the surface of the ground by the ionospheric
electric dipoles oriented along the unit vector eθ and radial,
respectively. Similar values for magnetic dipoles are desig-
nated as Eimθ

r and Eimr
r . The field components in expres-

sions (40) and (41) were calculated by the method described

by Rybachek [1995] and Rybachek et al. [1997a, 1997b], and
in the scope of the problem in question may be computed
with any given accuracy. The values of Re and Rm which
in this sense may be called “accurate,” as well as the ap-
proximate expressions for the efficiency parameters <e (38)
and <m (39), following from (36) and (37), characterize the
efficiency of excitation of the waveguide by horizontal and
radial dipoles located in the ionosphere.

[23] The region where approximate expressions (38) and
(39) are valid, is roughly described by inequalities (22) and
(27). One can obtain more exact estimation introducing the
relative errors

εe = |Re −<e|/Re (42)

εm = |Rm −<m|/Rm (43)

[24] In the case if the waveguide is a regular one on the
coordinate θ the daytime and nighttime models of the elec-
tron concentration N(H) [Prikner, 1980] and effective col-
lision frequency of electron with neutral particles and ions
νe(H) [Fatkullin et al., 1981] were used for the calculations.
The electrical properties of the ground correspond to the
seawater (the specific conductivity is 4 mho m−1). The cal-
culations were performed for the frequencies of 0.5–5 kHz,
the distance from the projection of the emitter onto the
ground surface to the ground-based receiver of 500 km, the
emitter location heights from 50 to 500 km, and latitudes
I = 10− 80◦.

[25] The frequency dependencies of the efficiency parame-
ter Rm (41) for various heights H of emitter location for the
daytime and nighttime propagation conditions are shown in
Figures 1 and 2, respectively (I = 36◦). It follows from Fig-
ures 1 and 2 that at the heights of 100–500 km in the daytime
and 200–500 km at night, the horizontal magnetic dipole is
more effective than the vertical one (Rm > 1). Calculations
show that for the heights of 50–60 km in the daytime and 50–
80 km at night, Rm may be less than unity. In the daytime in
the frequency range 2–3 kHz and at night at frequencies be-
low 2 kHz, a nonmonotonic dependency Rm(f) is observed.

Figure 2. Frequency dependence of the efficiency param-
eter for different heights H of the source in the nighttime
ionosphere.
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Figure 3. Frequency dependence of the relative error for
daytime ionosphere (H = 100, 300, and 500 km).

This is due to the presence of the so-called waveguide min-
ima in the frequency dependencies of the field component
modules. The position of the minima depends on the state
of the ionosphere (day, night) and is different for different
components of the fields. The efficiency parameter reaches
the highest value Rm ' 180 in the daytime at a frequency of
0.5 kHz and Rm ' 250 at night at a frequency of f ' 1.5 kHz
(at the source height of 300 km).

[26] Now we consider possibilities of using the approximate
formula (39). For this purpose we calculated the frequency
dependencies of the relative errors εm (43) for the daytime
(Figure 3) and night (Figure 4). In the daytime at heights
of 100–500 km, formula (39) is the most accurate at fre-
quencies of 0.5–2 kHz (here εm < 2%). At night, the use
of approximation (39) is reasonable at the heights of 200–
500 km and the same as for the daytime frequencies. That
gives εm < 10%.

[27] The dependencies of the efficiency parameter Rm on
the height of the emitter locations (H = 50 − 500 km) for
various latitudes I and a frequency of 0.5 kHz are shown in

Figure 4. Frequency dependence of the relative error for
nighttime ionosphere (H = 200, 300, and 500 km).

Figure 5. Dependence of the efficiency parameter R on the
height H of the source for different latitudes in the daytime
ionosphere (f = 0.5 kHz).

Figures 5 and 6 for the daytime and nighttime conditions,
respectively. The ratio Rm reaches a maximum at all lati-
tudes at H ' 250 and H ' 300 km in the daytime and at
night, respectively. The ratio Rm takes the peak values of
350–370 at a latitude I = 10◦. The corresponding daytime
and nighttime dependencies of the relative error εm (43) on
H for I = 60◦ are shown in Figure 7. In the daytime at
H ≥ 100 km and at night at H ≥ 250 km, the values of
εm do not exceed 1%. The calculations show that for all
considered latitudes in the daytime under H ≥ 100 km, εm

does not exceed 2%. At night under H ≥ 250 km, the val-
ues of εm do not exceed 2%, whereas under H ≥ 200 km,
εm ≤ 12%. This fact makes it possible to use for interpreta-
tion of the results presented in Figures 5 and 6 approximate
formula (39). According to this formula, the form of the
Rm(H) dependencies is determined by the features of the
N(H) profiles having a maximum at H ' 250 km in the

Figure 6. Dependence of the efficiency parameter R on the
height H of the source for different latitudes in the nighttime
ionosphere (f = 0.5 kHz).
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Figure 7. Dependence of the relative error on the height
H for daytime and nighttime ionosphere (f = 0.5 kHz).

daytime and two maxima at H ' 100 and 300 km at night.
[28] The calculated by exact formulae dependences of the

efficiency parameter Re (40) on latitude I for the daytime
and nighttime ionosphere, at a frequency of 0.5 kHz and
altitudes of 100–500 km are described by the same curve
in Figure 8. It follows from Figure 8 that at latitudes
I > 25◦ the horizontal electric dipole is more effective than
the radial dipole, and the ratio Re ' 11.5 at a latitude of
80◦. The latitudinal dependencies of the relative errors εe

(42) for altitudes of 100 and 500 km are shown in Figure 9
(solid lines correspond to the daytime values). In the day-
time for all considered latitudes and emitter heights, it is
valid: εe < 0.2%. At night we have the same result for
H = 500 km, whereas for H = 100 km at all latitudes
εe < 1.2%. Such small errors make it possible to use for
interpretation of the results presented in Figure 8 approx-
imate formula (38). According to this formula, the values
of the efficiency parameters are determined only by the geo-
magnetic field, so we have one curve in Figure 8. This result

Figure 8. Dependence of the efficiency parameter R on
latitude for the heights of the source H = 100− 500 km for
the daytime and nighttime ionosphere (f = 0.5 kHz).

Figure 9. Dependence of the relative error on latitude for
the heights H = 100 and 500 km for daytime and nighttime
ionosphere (f = 0.5 kHz).

qualitatively is true at an increase of the frequency in the
considered range. The calculations show that in this case
for the daytime and nighttime midlatitude ionosphere and
dipole location heights of 200–500 km, εe < 5%.

[29] Similar results of calculations for an irregular waveg-
uide are presented in Figure 10 in the form of the diurnal
variations of the Rm parameter for a frequency of 0.5 kHz
and the path with the emitter and receiver coordinates 30◦N,

Figure 10. Daily variations of the efficiency parameter R
for different heights H of the source (f = 0.5 kHz).
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30◦E and 60◦N, 30◦E, respectively. The data are obtained
with the help of the algorithm [Rybachek et al., 1997a, 1997b]
taking into account the geomagnetic and geographic coordi-
nates, solar zenith angle, azimuth, and local time. The path
was approximated by seven regular parts. The N(H) and
νe(H) profiles from Rawer et al. [1978] and COSPAR [1990]
and Fatkullin et al. [1981], respectively, were used in the
calculations. It follows from Figure 10 that at the location
of the transmitter at a height of 200 km, the daytime values
of Rm (t = 12 h) exceed considerably the nighttime values
(t = 1 h) (by about an order of magnitude). The excess
is much less at altitudes of 300–500 km, this fact agreeing
to the presented in Figures 1 and 2 results of calculations
of the Rm parameter for the nighttime and daytime regular
waveguide.

6. Conclusions

[30] Using the generalized reciprocity theorem, the ex-
pressions relating the components of the fields generated in
the anisotropic ionosphere by various emitters located in the
Earth–ionosphere waveguide and also the relations between
field components excited in the waveguide by emitters lo-
cated in the ionosphere are derived.

[31] In the frequency range 0.5–5 kHz in the scope of a
regular terrestrial waveguide, parameters of the efficiency of
the waveguide excitation by horizontal and radial electric
and magnetic dipoles located in the ionosphere are studied.
The analysis was performed using the numerical methods
that allow us to derive the field components with the given
accuracy and the approximate analytical formulae. The lat-
ter are valid in the case of the emitters location in the region
of applicability of the quasi-longitudinal approximation.

[32] The analysis of the frequency dependencies of the Rm

parameter characterizing the efficiency of waveguide excita-
tion by magnetic dipoles showed that for the midlatitude
ionosphere (I = 36◦) in the considered ranges of frequen-
cies and heights (H = 100 − 500 km and 200–500 km in
the daytime and at night, respectively), a horizontal mag-
netic dipole is more efficient than a vertical one. The Rm

parameter at a frequency of 0.5 kHz for H = 300 km is
Rm ' 180 both in the daytime and at night. The use of the
approximate formula for Rm is reasonable at frequencies of
0.5–2 kHz at altitudes of 100–500 km and 200–500 km in the
daytime (εm < 2%) and at night (εm < 10%), respectively.

[33] The form of the Rm dependencies on the emitter
height is determined by the features of the electron concen-
tration profiles. In particular, the positions of the maxima
in the dependencies Rm(H) and N(H) coincide at all lati-
tudes. At a frequency of 0.5 kHz the efficiency parameter
Rm reaches its maximum at all latitudes at H ' 250 and
H ' 300 km in the daytime and at night, respectively. The
value of Rm in the maximum can reach 350–370 (at a lati-
tude of 10◦). The accuracy of the approximate formula <m

is high enough: for all considered latitudes at H > 250 km,
εm is not more than 2% both in the daytime and nighttime
conditions.

[34] The error of the approximate formula for the effi-
ciency parameter Re characterizing excitation of the waveg-
uide by electric dipoles does not exceed 5% in the considered
frequency range for the daytime and nighttime midlatitude
ionosphere and dipole location heights of 200–500 km. In
this case the efficiency of waveguide excitation by electric
dipoles is determined mainly by the geomagnetic field.

[35] In the scope of an irregular waveguide, the diurnal de-
pendencies of Rm(t) are calculated using the algorithm tak-
ing into account geomagnetic and geographic coordinates,
solar zenith angle, azimuth, and local time. For the midlat-
itudinal path at the location of the transmitters at altitude
of 200 km and at a frequency of 0.5 kHz, the daytime values
(t = 12 h) of Rm exceed considerably the nighttime values
(t = 1 h) (by about an order of magnitude). This excess is
much less at altitudes of 400–500 km.

[36] Concluding, we note that in the ELF range, the ap-
proximate formulae for the efficiency parameters make it
possible, without calculating the fields in the ionosphere,
with sufficiently high degree of accuracy to estimate the
efficiency of the Earth–ionosphere waveguide excitation by
emitters located at altitudes of 200–500 km both in the day-
time and nighttime ionosphere.
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