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Abstract. Magnetic field reconnection is one of the fundamental plasma processes which
explains the transformation of magnetic energy to kinetic and internal energy of the plasma.
If we use a time-varying reconnection rate instead of the steady state case is possible to
make a more detailed analysis of the change of momentum and energy of the plasma during
a pulse of reconnection. The most simple model of a current sheet is the boundary which
separates tow magnetic fluxes with opposite directed magnetic fields in otherwise identical
plasmas. As a consequence of reconnection, field reversal regions (FRRs) are formed
and propagate along the reconnection layer. Inside the FRR the magnetic field energy is
decreased, leading to accelerated plasma jets. It can be shown that the momentum and
the kinetic energy of the FRRs are proportional to the distance from the former site of
reconnection and therefore are increased in the course of time. The FRRs propagate with
Alfvén velocity and transfer accelerated plasma along the current sheet. In this case, the
kinetic energy of the plasma is equal to the decrease of magnetic energy inside the FRR,
and moreover, the energy density is conserved at each moment of time in every point.
Simultaneously a column of plasma above the FRR in the form of a special MHD wave
with increased density of magnetic energy is observed in the inflow region. In the wake of
the FRR the magnetic field becomes slightly weaker than it was before reconnection. The
amount of the decrease of energy in the wake exactly compensates for increase of energy in
the MHD wave, such as the total change of the magnetic energy is equal to zero in the inflow
region. The FRR transfers not only energy as it was previously mentioned, but momentum
and mass as well. It can be shown that there is an inverse plasma flow inside the column
above the FRR in the inflow region. The momentum of the inverse flow compensate for
momentum of plasma inside the FRR exactly. The total momentum of the whole structure,
which consists of the FRR and the special MHD wave above it, is zero. These result were
obtained for both 2-D and 3-D case for symmetric and asymmetric configurations of the
magnetic field. Thus in the course of reconnection the complex object is formed. It consists
of the FRR and the special MHD wave, transports no momentum, and transfers both
kinetic and magnetic energy.
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1. Introduction

Many processes observed inside the magnetosphere of
Earth and other planets, and on Sun and other stars are
associated with conversion of magnetic energy. There are
many experimental results, which demonstrate that the pro-
cesses of conversion of magnetic energy to kinetic and inter-
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Figure 1. The evolution of the reconnection process:
(a) the initial configuration of the current sheet, (b) the
switch-on phase (dissipative electric field Ediss > 0), and
(c) the switch-off phase (Ediss = 0).

nal energy of the plasma occur in various situation [Coroniti,
1985; Hones, 1984]. For example, these phenomena take
place during magnetosphere substorms in the magnetotail,
at the magnetopause near the solar point (for a south direc-
tion of the IMF) and in the cusp region (for a north direction
of the IMF), during solar flares and flares of some types of
stars. It means that we deal with a fundamental physical
process in the plasma. At present, there are several theories
which describe the conversion of magnetic energy to kinetic
energy of plasma. Most famous models are the pure resis-
tive magnetic field Sweet-Parker dissipation [Parker, 1963;
Sweet, 1958] tearing mode instability [Furth et al., 1963; Ot-
taviani and Porcell, 1995] and Petschek [1964] reconnection.

The model of reconnection suggested by Petschek [1964]
explains the fast energy release in solar flares. Magnetic
field dissipation needs only be present within a small region
known as the diffusion region, and the energy conversion

occurs primarily across nonlinear waves, or shocks in a highly
conducting plasma.

Most of the used analytical models describe the steady-
state regime of reconnection [Priest, 1985], but in nature we
usually deal with explosive-like phenomena, where ∂/∂t 6= 0.
So, for a clear understanding of the physics of the process,
in particular from the energetic point of view, it is more
accurate to use a time-varying rate.

Therefore Petschek’s idea has been elaborated by Se-
menov et al. [1985], Biernat et al. [1987], and Heyn and
Semenov [1996] for time-dependent conditions. There are
a number of aspects of time-dependent reconnection which
have no analogous behavior to the steady-state case [Bier-
nat, 1993; Semenov et al., 1992]. The consideration of a
time-varying reconnection rate makes possible the detailed
analysis of the process of energy conversion and the change
of momentum and energy of the plasma during the pulse of
reconnection.

First, we consider a simple theoretical system consisting
of a current sheet separating two uniform and identical plas-
mas with antiparallel magnetic fields (Figure 1). Anomalous
resistivity is supposed to be formed in a small region, which
is traditionally called diffusion region. As a result, a dis-
sipative electric field is generated. The stability break and
the current sheet decay into a system of magnetohydrody-
namic (MHD) waves. The topology of the magnetic field
is changed, and the plasma is accelerated at slow shocks
which correspond to, so-called, active or switch-on phase of
reconnection. Then the magnetic field density decreases near
the diffusion region, and eventually, the dissipative electric
field is switched off. The region with accelerated plasma
bounded by slow shocks (so-called, field reversal regions,
FRRs or outflow regions) detach from the former site of dif-
fusion and propagate in opposite direction along the current
sheet (switch-off phase). It is commonly assumed that a gen-
eral result of reconnection is the generation of a accelerated
plasma flows, which transport energy and momentum along
the current sheet [Vasylunas, 1975].

However, reconnection is a rather complicated process. It
will be shown that besides the plasma jets, a special MHD
wave is generated in the inflow region and propagates with
the jets. This wave contains the amount of energy which is
equal to twice of the kinetic energy of the accelerated plasma
inside the FRR. A complex MHD object which consist of
an outflow region and a special MHD wave is formed and
transports both kinetic and magnetic energy but, as will be
shown, no momentum.

2. Solution of Reconnection Problem

The reconnection problem for time-varying conditions is
solved for the case of weak reconnection which implies that
the dissipative electric field must be much less than the
Alfvén electric field:

ε =
Ediss

EA
(1)
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At present it is not exactly known what kind of plasma in-
stability is responsible for the generation of the reconnection
electric field. Therefore it is convenient to prescribe the be-
havior of the electric field Ediss along a reconnection line a
priori as a boundary condition rather than to calculate it
from plasma theory.

The solution of the reconnection problem in an incom-
pressible plasma in dimensionless form for the 2D symmet-
ric configuration of magnetic field can be present as follows
[Biernat et al., 1987; Semenov et al., 1985]

Bx = 0 Bz = 0 (2)

vx = 1 vz = 0 (3)

E(t, x) = εE∗(t− x) (4)

z(t, x) = εxE∗(t− x) (5)

where equation (2) are the components of the magnetic field,
equation (3) is the velocity of the plasma, equation (4) is the
electric field inside FRR, equation (5) is the shape of the
shock wave and E∗ is the electric field which is normalized
to the maximum value of the dissipative electric field Ediss,
so the E∗max = 1.

This solution in the outflow region does not look much
more complicated than the original Petschek solution and
in fact it can be reduced to the latter by the substitution
E∗ = const. Hence we can expect that the energy balance
of the time-dependent reconnection might be very similar to
the steady-state regime inside the outflow region. The main
difference between steady-state and time-dependent condi-
tions can bee seen in the inflow region where the magnetic
field disturbances begin to play an important role:

BIR(1)
z =

z

π

+t∫
−t

h(x̃, t)dx̃

(x− x̃)2 + z2
(6)

vIR(1)
z =

z

π

+t∫
−t

g(x̃, t)dx̃

(x− x̃)2 + z2
(7)

BIR(1)
x = 1 +

1

π

+t∫
−t

(x− x̃)h(x̃, t)dx̃

(x− x̃)2 + z2
(8)

vIR(1)
x =

1

π

+t∫
−t

(x− x̃)g(x̃, t)dx̃

(x− x̃)2 + z2
(9)

The expressions for the first-order component of the mag-
netic field and the velocities of the plasma in the inflow re-
gion above and below current sheet are obtained from the
Poisson integrals. Here h(x, t) is the first-order Bz compo-
nent at the boundary of the outflow region and g(x, t) is
the first-order vz component at the same boundary, which
is derived from the condition of the continuity of the normal
component of the magnetic field Bn = 0 and of the normal
component of the velocity vn −Dn = 0, where Dn is the
velocity of the shock:

B(1)
z (t, x, 0) = 2εE∗(t− x)− εxE∗

′
(t− x) ≡ h (10)

v(1)
z (t, x, 0) = 2εE∗(t− x)− εxE∗(t− x) ≡ g (11)

All quantities are normalized to a magnetic field strength
B0, the velocity vA = B0/

√
4πρ, the characteristic duration

of the reconnection pulse T0, the length vAT0, and the en-
ergy density B2

0/8π. Because of symmetry, it is sufficient to
consider all equations in the first quadrant only.

In the immediate vicinity of the reconnection line, x �
t, z � t, during the switch-on phase, this solution can be
reduced to the well-known Petschek solution. The time-
dependent solution is not much more complicated, but it
can describe much more physics.

Different reconnection electric fields can be investigated
in the framework of the time-dependent reconnection theory,
such as burst-like, impulsive quasi-steady-state, etc. We will
concentrate to the case of burst reconnection.

3. Energy and Momentum of the FRR

During the reconnection process, plasma is highly accel-
erated at the slow shocks and collected inside the FRRs so
that the magnetic energy is converted into kinetic energy
of the plasma. Taking into account that the kinetic energy
density ρv2/2 is normalized to the magnetic energy density
B2

0/8π and in the dimensionless form is just v2
v, we calculate

the kinetic energy of the plasma in the FR region.

Wk(t) =

∫
FR

v2
xdΩ (12)

where dΩ is the element of the volume.

Wk(t) =

t∫
0

z(t, x)dx

= ε

t∫
0

xE∗(t− x)dx = ε

t∫
0

F (τ)dτ (13)

Wk(t) = εG(t) (14)

where G(t) is the volume of the outflow region and F (t) is
the reconnected magnetic flux:

F (t) =

t∫
0

E∗(τ)dτ (15)

G(t) =

t∫
0

F (τ)dτ (16)

Moreover, the FRR transports energy, mass, and momen-
tum. The momentum of the accelerated plasma inside the
FRR in dimensionless form can be calculated in a similar
way:

MFR
x (t) =

∫
FR

vxdΩ =

t∫
0

z(t, x)dx (17)
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Figure 2. E∗ is the dissipative electric field, F is the re-
connected flux, and G is the volume of the field reversal
region.

MFR
x (t) = εG(t) (18)

All results are obtained for an arbitrary reconnection rate
and because of that they are quite general, but to illustrate
our conclusions, we model a pulse of reconnection by the
following dissipative electric field:

E∗ =

{
sin2(πt) for 0 < t < 1

0 for t > 1
(19)

It can be shown on Figure 2 that during the active phase
of the reconnection when E∗ > 0 in the diffusion region,
both the reconnected flux F (t) and the volume of the FRR
G(t) rapidly increase. Hence magnetic energy is very rapidly
converted into kinetic energy of the plasma at the shock,
and the momentum of the plasma inside FRR rises as well.
Then, during the switch-on phase when the electric field in-
side diffusion region becomes equal to zero, the volume of the
outflow region G(t) increases further, whereas the amount of
reconnection flux F (t) does not change any more. Although
the dissipative electric field is switched off in the diffusion
region, energy conversion still continues at the Petschek
shocks, and as a result, the size of the outflow region nor-
mal to the current sheet linearly increases with time (see
multiplier x in equation (5) of shocks). During this switch-
off phase, FR regions detach from the reconnection line and
propagate along the current sheet as solitary waves but not
as a soliton. It is a fact that the kinetic energy and the mo-
mentum of the plasma inside the outflow region increase in
time together with the volume because the shocks accelerate
more and more plasma from the reconnected flux tubes. So,
it can be shown that the volume of the FRR for large times
t� 1 is asymptotically

G(t) ∼ F0t (20)

where F0 is the reconnected flux during the whole pulse of
reconnection. Therefore G(t) is proportional to the distance
from the former site of reconnection.

The total change of magnetic energy inside the FRR in
dimensionless form is simply equal to

WFR
B (t) = −εG(t) (21)

So the kinetic energy of the plasma is equal to the decrease
of energy of the magnetic field inside FRR. Thus, the mag-
netic field inside the FR region effectively disappears and the
energy of the magnetic field in the outflow region is directly
transformed into kinetic energy of the accelerated plasma
so that the energy density in the FRR is conserved at each
moment of time in every point.

It should be noted that this result follows just from the
simple relation

B2
0

8π
=

ρv2

2
(22)

which corresponds to the energy balance in the steady-state
case.

Thus, the time-dependent regime of reconnection inside
the outflow region is rather similar to the steady-state one.
Magnetic energy is converted into kinetic energy with the
efficiency coefficient to be equal to one (equation (22)). The
only important difference between these two regimes is the
switch-off phase which is essentially unsteady.

4. Energy Balance in the Inflow Region

Perturbation of the magnetic field and velocity in the in-
flow region are small (in first order with respect to ε), and
therefore it can be supposed that the total energy of mag-
netic disturbances in the IR is also rather small. However,
we have to take into account that although the inflow region
is much less disturbed compared to the FRR, a bigger area
is affected. Hence we have to make a more detailed analysis.

By definition, the total change of energy of the magnetic
field in the inflow region is equal to

W IR
B =

∫
IR

(1− (1 + B(1)
x )2)dxdz = −2

∫
IR

B(1)
x dxdz (23)

It is advantageous to introduce a vector potential A so that

B(1)
x =

∂A

∂z
B(1)

z = −∂A

∂x
(24)

with the gauge condition A(∞) = 0. Now we can integrate
along the z axis in equation (23) to obtain

W IR
B = −2ε

∫
IR

∂A

∂z
dxdz = −2ε

∞∫
0

A(t, x, 0)dx (25)

Taking into account that the first-order component of the
magnetic field at the boundary of the FRR is sufficiently
simple (equation (10)), we can calculate the magnetic po-
tential at the x axis:

A(t, x, o) =

x∫
0

B(1)
z dx = F (t− x)− xE∗(t− x) (26)

Last, we obtain the following expression for the whole change
of the magnetic energy in the inflow region:

W IR
B = −2

∞∫
0

(F (t− x)− xE∗(t− x))dx = 0 (27)
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The total change of the energy of the magnetic field in
the IR turns out to be exactly zero. Hence it would be
expected that the contribution of the magnetic disturbances
to the energy balance is negligibly small in the inflow region,
and energy conversion takes place only at shocks. However,
in principal, there is still the possibility that positive and
negative disturbances can compensate each other. Thus, it
is necessary to analyze the behavior of the density of the
magnetic field energy in different parts of the inflow region
and to find the details of the energy distribution. By the
variation of the limits of the integral (27) we can obtain
the values of the change of the magnetic field energy at an
arbitrary part of the IR.

The energy of magnetic disturbances in a column (x :
[ x, x+ dx]; z : [ 0,∞)) is simply equal to (see equations (25)
and (26))

W
IRcol
B = −2εA(t, x, 0)

= 2ε(xE∗(t− x)− F (t− x))dx = 0 (28)

The amount of the additional magnetic energy in the col-
umn is negative in the wake of the FRRs and positive above
and below of the FR regions (Figure 3). It is also interest-
ing to consider the function 4W IR

B (x) which is the energy
of magnetic disturbances in the part of the IR defined by
(x : [ 0, x]; z : [ 0,∞)):

W IR
B (x) = −2εxF (t− x) (29)

This function linearly decreases from zero at the former site
of reconnection to some minimum negative value near the
position of the FRR and then increases to zero. This im-
plies that the magnetic energy is negative for the wake of
the field reversal regions and positive exactly in the column
above the shocks. It should be emphasized that these pos-
itive and negative energies exactly compensate each other
(see Figure 3).

From the physical point of view we can interpret this ef-
fect as follows. Fast moving shocks compress the magnetic
field near their leading fronts and produce a compression
wave. To some extent this is similar to the generation of a
head wave from a fast moving boat on the water. Behind
the moving FR regions the magnetic field becomes weaker
than before reconnection, which leads to decrease of mag-
netic energy in the wake.

It can be shown that the amount of the positive energy
in the compression wave is equal to

W+
B = −2ε(t− 1)F0 (30)

Asymptotically, for t � 1, the maximum value of this posi-
tive pulse is

W+
B ∼ 2εtF0 (31)

which is double the kinetic energy WFR
k of the accelerated

plasma in the FRR equation (14) at the same time t. This
positive disturbed energy compensates exactly the smooth
negative energy in the wake.

As a result, the energy balance in the inflow region can
be described as follows. While the FRR propagates along

Figure 3. The distribution of the magnetic energy during
reconnection process at different parts of the inflow region:
(a) the shape of the FRRs, (b) the energy of magnetic distur-
bances in a column (x : [ x, x + dx]; z : [ 0,∞)), and (c) the
energy of the magnetic disturbances in the part of the IR
defined by (x : [ 0, x]; z[0,∞)).

the current sheet and collects all plasma from the recon-
nected magnetic flux tube, the magnetic field is compressed
in the narrow vertical layer above and below the FRR and
moves as a compression wave. It turns out that although
the disturbances of the magnetic field in the inflow region
are sufficiently small (order of ε), nevertheless, the total en-
ergy in the compression wave is approximately twice as big
as the kinetic energy of a plasma jet. One can say that the
efficiency coefficient of the reconnection process is equal to
1/2 in the sense that the generation of the plasma jet which
transport some amount of the kinetic energy needs the dou-
ble depletion of the magnetic energy in the wake.

5. Balance of Momentum During the
Reconnection Process

It is generally believed that the outflow region can trans-
port along the current sheet not only energy and flux but
also momentum. As was shown, the moving FFR itself does
transport momentum (equations (17) and (18)). On the
other hand, we saw that the small disturbances in the in-
flow region can essentially contribute to the energy balance,
and therefore we have to investigate details of momentum
balance in the similar way.

Earlier it was supposed that the momentum of the sys-
tem is conserved because there are two FRRs which move in
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Figure 4. Stream lines at the reconnection process at some
moment of time in the inflow region.

opposite direction. However, besides of this, there are the
plasma flows in the inflow region which have to transport
momentum as well. A huge quantity of plasma is contained
in the inflow region, and although the velocity of this plasma
is less than the plasma jet velocity, it can be expected that
the momentum of the IR is comparable with FRRs momen-
tum.

For the investigation of the plasma flows in the inflow
region the stream function is introduced:

v(1)
x =

∂Ψ

∂z
v(1)

z = −∂Ψ

∂x
(32)

The Ψ function can be calculate by means of the Poisson
integral in the inflow region as a whole:

Ψ(x, z) =
εz

π

+t∫
−t

x̃E∗(t− x̃)dx̃

(x− x̃)2 + z2
(33)

The pattern of the stream lines Ψ = const is shown in Fig-
ure 4. As it can be seen, there is an inverse flow above the
FRR and therefore this inverse flow contains negative mo-
mentum. Similar to the energy balance we can find x com-
ponent of momentum of the plasma in the inflow region

M IR
x =

∫
IR

v(1)
x dΩ = −

∞∫
0

Ψ(t, x, 0)dx (34)

In this case the stream function on the x line may be calcu-
lated using the equation for the first order component of the
plasma velocity at the boundary of the FRR (equation (11))

Ψ(t, x, 0) =

x∫
0

v(1)
z dx = xE∗(t− x) (35)

Now we can rewrite equation (34) as follows:

M IR
x = −

∞∫
0

xE∗(t− x)dx = −εG(t) (36)

The expression under the integral is equal to zero everywhere
except in the interval (x : [ t−1, t]), that is, the region above

the FRR. So, the part of the plasma in the vertical column
above the FR region has only negative momentum. Bear-
ing in mind that the momentum of the outflow region itself
is equal to G(t) equation (18), it is clear that the momen-
tum of the inverse flow in the IR exactly compensates the
momentum of the plasma jet and this inverse flow is con-
centrated in the column above the FRR. Hence it turns out
that the moving FR region together with the inverse flow
outside does not transport any momentum at all. So, gen-
erally speaking, it is impossible to create a rocket using the
reconnection process.

Deals of the momentum distribution in the inflow region
can be described by the function M IR

x (x) which is the x com-
ponent of momentum of the inverse flow in the part of the
IR defined by (x : [ 0, x]; z : [ 0,∞))

M IR
x (x) = ε(xF (t− x)−G(t− x)−G(t)) (37)

From the first, this function is zero in the wake of the FRR,
then it begins to increase and after that it stays constant.
From Figure 5 one can see that the behavior of the x compo-
nent of the momentum of the plasma jets and of the inflow
region is identical. So, in consequence to the inverse flow,
the momentum of the structure which consists of the outflow
region and the compression wave is equal to zero, and this
mean that this complex object transforms no momentum.

Figure 5. The behavior of the momentum during the recon-
nection process: (a) the shape of the FRRs, (b) the x com-
ponent of the momentum of the plasma inside FRRs, and
(c) the x component of the momentum of the plasma in the
inflow region as function of x.
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Figure 6. Three-dimensional reconnection for asymmetric and skewed magnetic fields: (a) the disturbed
energy in a column above the current sheet, (b) the shape of the FR regions, and (c) the disturbed
magnetic energy in the column below the current sheet.

6. Energy Balance of Reconnection of
Asymmetric and Skewed Magnetic
Fields

In the case of the more realistic configurations of the ini-
tial magnetic fields [Kiendl et al., 1997; Rijnbeek et al., 1991]
the energy and momentum balance are still similar to the
simplest case.

The plasma accelerated at the slow shock is accumulated
inside the FR regions. The FRRs propagate in opposite di-
rections and transport kinetic energy which is equal to the
reduction of the magnetic field energy in this regions. The
compression wave is formed in the inflow region and contains

essential the amount of the disturbed energy, leaving in the
wake of the FRR a magnetic field which is slightly weaker
than it was before reconnection (see Figure 6). These posi-
tive and negative parts compensate each other.

It should be emphasized that asymmetry decreases the
amount of energy in the compression wave to a value of the
kinetic energy of the plasma jets and changes the distribu-
tion of this energy between different parts of the wave. From
the side of the bigger field the energy of magnetic distur-
bances is bigger than this energy from the other side.

A skew of the magnetic fluxes leads to increasing dis-
turbed energy in the column above and below the FRRs. In
this case, still more energy is contained in the compression
wave, and therefore the loss of energy in the wake is more
as well.
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Figure 7. The energy balance during the reconnection process.

7. Conclusions

During the reconnection process the reconnection electric
field, which is dissipative by nature, is transported through
the current sheet via MHD waves and acts as a convective
electric field there. As a result of that, a complex MHD ob-
ject is formed. It consists of FRRs and special compression
MHD wave, which transports no momentum and transfers
both kinetic and magnetic energy.

Inside the field reversal region the magnetic energy is di-
rectly converted into kinetic energy of the plasma which is
accelerated at the boundary of the FRR. The magnetic field
reduction is balanced exactly by the kinetic plasma energy
which is generated at the slow shock that can be expressed
by the following relation:

WFR
k = −4WFR

B (38)

In spite of the inflow region being much less disturbed,
this region is far more extended, and this summary result
turns out to be essential. So, a region with enhanced den-
sity of magnetic field energy is formed in the inflow region
and propagates together with the FRR as the compression

wave (see Figure 7). This wave contains an amount of en-
ergy which is equal to twice of the kinetic energy of the
accelerated plasma inside the FRR. Simultaneously, this en-
hancement of magnetic energy in the compression wave is
compensated by the rarefaction of the magnetic field and,
as a consequence of that, by the decreasing of the density of
magnetic field energy in the wake of the FRR:

4W IR
B(wave) = −4W IR

B(wake) ' 2WFR
k ' −24WFR

B (39)

In summary, the total energy budget of an elementary
reconnection event behaves as follows: Inside the outflow
region, there is a deficit of magnetic energy compensated by
enhanced kinetic energy, leading to accelerated plasma jets.
Outside the FRR, magnetic energy is accumulated ahead of
the FRR as a result of its fast motion, leaving a rarefaction
wake behind. After the generation of the plasma jets with
some amount of kinetic energy the deficit of the magnetic
field energy in the region between two FRRs proves to be
double that of the kinetic energy.

The momentum of the accelerated plasma inside the FRR
is exactly balanced by the momentum of sufficiently slow
plasma inside the column above the FRR in the inflow re-
gion, so that the total momentum of the structure which
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consist of the plasma jets and the compression wave, is equal
zero.

So, a complex object is formed as a result of reconnection.
It transports no momentum and transfers both kinetic and
magnetic field energy.
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